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In recent years, the evaluation of the minimal investment risk of the quenched disordered
system of a portfolio optimization problem and the investment concentration of the
optimal portfolio has been actively investigated using the analysis methods of statistical
mechanical informatics. However, the work to date has not sufficiently compared the
optimal portfolios of different portfolio optimization problems. Therefore, in this paper,
we use the Lagrange undetermined multiplier method and replica analysis to examine
the relationship between the optimal portfolios of the expected return maximization
problem and the expected return minimization problem with constraints of budget and
investment risk. In particular, we derive the mean square error and the correlation
coefficient of the optimal portfolios of these maximization and minimization problems
as functions of a variable (the degree of risk tolerance) that can characterize the feasible
subspace defined by the two constraints.
In recent years, the optimal portfolios and minimal investment risks in the quenched
disordered systems of portfolio optimization problems such as the mean-variance model
and the absolute-deviation model have been investigated actively using analysis meth-
ods represented by replica analysis, the belief propagation method, and random matrix
theory, which were developed in statistical mechanical informatics.1–21) In particular,
in operations research, minimal expected investment risk in the annealed disordered
system of a portfolio optimization problem and the portfolio which can minimize the
expected investment risk have been sufficiently discussed, but the investment informa-
tion required by rational investors is the optimal portfolio of the quenched disordered
system of the portfolio optimization problem. For the latter, we need to evaluate the
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optimal portfolio in the quenched disordered system of the portfolio optimization prob-
lem as the true scenario and we also need to reconsider investment problems which have
only been analyzed for an annealed disordered system, so that the different methods
applied in previous studies can also be used to derive the results expected by rational
investors.
However, such previous studies did not sufficiently investigate the properties of a
quenched disordered system. In particular, the relationship between the optimal port-
folios of quenched disordered systems of portfolio optimization problems has not been
sufficiently considered in analyses of quenched and/or annealed disordered systems.
Therefore, in this study, we analyze the relationship between the optimal portfolios of
a quenched disordered system in a portfolio optimization problem in which multiple
constraints are imposed using analysis methods of statistical mechanical informatics.
Note, although the comparison of the optimal portfolios discussed here can be un-
derstood intuitively, in order to find the optimal portfolio of the portfolio optimization
problem, we use the Boltzmann distribution of the canonical ensemble to compare the
ground state in the absolute zero temperature limit from the positive direction and the
other ground state in the absolute zero temperature limit from the negative direction
(as a matter of convenience), but we do not explicitly discuss both ground states in the
absolute zero limits by using the Boltzmann distribution in this paper. The aim of this
study is to examine the states at both ends of the canonical ensemble and compare the
maximal internal energy state and the minimal internal energy state of the canonical
ensemble.
Here, as in previous studies,11–21) we consider the situation of investing in N assets
for p periods in an investment market without short-selling regulations and discuss
specifically the expected return maximization problem with constraints of budget and
investment risk imposed and the properties of the optimal portfolio. The portfolio of
asset i(= 1, 2, · · · , N) is wi ∈ R and the portfolio of N assets is denoted by ~w =
(w1, w2, · · · , wN)T ∈ RN , where the notation T indicates transpose of a vector or matrix.
The return rate of asset i at period µ(= 1, 2, · · · , p = Nα,α ∼ O(1)) x¯iµ ∈ R is
independently distributed with mean E[x¯iµ] = ri and variance V [x¯iµ] = vi. Then, the
expected return of portfolio ~w, H(~w), is given by
H(~w) = ~rT ~w,
(1)
where ~r = (r1, r2, · · · , rN)T ∈ RN is used. Moreover, the budget constraint and the
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investment risk constraint are defined respectively as
N = ~wT~e,
(2)
Nε =
1
2
~wTJ ~w,
(3)
where ~e = (1, 1, · · · , 1)T ∈ RN is used; J = {Jij} ∈ RN×N is the return rate matrix
defined by the modified return rate xiµ = x¯iµ − ri having i, j component
Jij =
1
N
p∑
µ=1
xiµxjµ;
(4)
and ε is the investment risk per asset. The latter is related to ε0, the minimal investment
risk per asset of the investment risk minimization problem discussed in previous work,14)
by
ε = τε0,
(5)
where τ ≥ 1 is the degree of risk tolerance. As in the same previous work, we use
ε0 =
1
2g0
and require p > N in order for J to be a regular matrix and thus the optimal
portfolio to be unique.
Let us analyze the expected return maximization problem with these two constraints
using the Lagrange undetermined multiplier method as follows:
L = H(~w) + k (~wT~e−N)+ s(Nε− 1
2
~wTJ ~w
)
,
(6)
where k is the parameter related to budget constraint Eq. (2) and s is the parameter
related to investment risk constraint Eq. (3). Then, the extremum obtained from ∂L
∂wi
=
∂L
∂k
= ∂L
∂s
= 0 is given by
~w =
1
s
J−1~r +
k
s
J−1~e,
(7)
s = ±g0
√
V
τ − 1 ,
(8)
k =
s
g0
−R1,
(9)
where
g0 =
1
N
~eTJ−1~e,
(10)
g1 =
1
N
~rTJ−1~e,
(11)
g2 =
1
N
~rTJ−1~r,
(12)
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and R1 =
g1
g0
and V = g2
g0
−
(
g1
g0
)2
are already applied. Note, the positive term in Eq. (8)
(s = s+) is related to the maximal expected return, and the negative term is related
to the minimal expected return as a by-product. Then, for expected return per asset
R = 1
N
H(~w), the maximal and minimal values R+ and R− are evaluated as follows (see
Figure 1):
R+ = R1 +
√
V (τ − 1),
(13)
R− = R1 −
√
V (τ − 1).
(14)
Therefore, from Eq. (7), the two optimal portfolios ~w+ = (w1+, w2+, · · · , wN+)T and
~w− = (w1−, w2−, · · · , wN−)T ∈ RN are given by
~w+ =
1
g0
(
J−1~e+
√
τ − 1
V
J−1(~r −R1~e)
)
,
(15)
~w− =
1
g0
(
J−1~e−
√
τ − 1
V
J−1(~r −R1~e)
)
.
(16)
As shown in Figure 2, these are linear combinations of the constant vectors J−1~e, whose
coefficient is independent of τ , and J−1(~r−R1~e), whose coefficient depends on τ . Note
that the second vector J−1(~r −R1~e) is always orthogonal to ~e.
An additional investment index, besides the expected return, is the investment con-
centration qw =
1
N
~wT ~w. The investment concentration of the maximal expected return
Rε0 = R1= τε0 −
√
V (τ − 1)+
Fig. 1. R versus ε = τε0. The quadratic function ε =
1
2g0
(
1 + (R−R1)
2
V
)
is obtained from ε = τε0,
ε0 =
1
2g0
, and τ = 1 + (R−R1)
2
V , which in turn is obtained from Eqs. (13) and (14). The thick line is
the expected return per asset in the feasible portfolio subspace satisfying Eqs. (2) and (3).
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~w−+O1g0J
−1~e− 1
g0
√
τ−1
V
J−1(~r −R1~e)+
Fig. 2. ~w+ and ~w−. Note that vectors ~w+ and ~w− are linear combinations of J−1~e and J−1(~r−R1~e).
From this figure, it is easy to interpret the correlation coefficients of the τ → 1+ and τ →∞ investment
portfolios. O indicates the origin.
qw+ =
1
N
~wT+ ~w+ and that of the minimal expected return qw− =
1
N
~wT− ~w− are respectively
calculated as follows:
qw+ =
f0(τ − 1)
g20V
Vf +(f1
f0
− g1
g0
+
√
V
τ − 1
)2 ,
(17)
qw− =
f0(τ − 1)
g20V
Vf +(f1
f0
− g1
g0
−
√
V
τ − 1
)2 ,
(18)
where Vf =
f2
f0
−
(
f1
f0
)2
and
f0 =
1
N
~eTJ−2~e,
(19)
f1 =
1
N
~rTJ−2~e,
(20)
f2 =
1
N
~rTJ−2~r.
(21)
The overlap between ~w+ and ~w−, c = 1N ~w
T
+ ~w−, given by c =
−f0(τ−1)
g20V
(
Vf +
(
f1
f0
− g1
g0
)2
− V
τ−1
)
, is introduced for simplicity, and then the mean
square error of ~w+ and ~w−, ∆ = 1N
∑N
i=1(wi+ − wi−)2 = qw+ + qw− − 2c,
∆ =
4f0(τ − 1)
g20V
(
Vf +
(
f1
f0
− g1
g0
)2)
,
(22)
is evaluated. From Eq. (22), the mean square error of ~w+ and ~w−, ∆, is proportional
to τ − 1, and so, as shown in Figure 2, as τ → 1+, ∆ approaches 0.
Moreover, so as to compare the geometric relationship between the optimal port-
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folios, the correlation coefficient between ~w+ and ~w−, ρ =
~wT+ ~w−√
|~w+|2|~w−|2
, is calculated as
follows (note that the angle between the two vectors is arccos ρ):
ρ = − A√
A2 + 4 V
τ−1
(
f2
f0
−
(
f1
f0
)2) ,
(23)
where here A = Vf +
(
f1
f0
− g1
g0
)2
− V
τ−1 is applied. From this result, as τ becomes large,
ρ approaches −1. From Eqs. (15) and (16), for sufficiently large τ , the second term in
both equations, J−1(~r − R1~e), is larger than first term, J−1~e; that is, the second term
dominates. In a similar way, when τ → 1+, ρ approaches 1. From Eqs. (15) and (16),
we can interpret this as meaning that ~w+ ' ~w−. Here the following additional point
should be noted. The discussion involving from Eq. (6) to Eq. (23) does not consider
the statistical properties of the modified return rate xiµ, so it holds for an arbitrary
statistical distribution of the return rate.
The statistical properties of the return are included in the values of g0, g1, g2, f0, f1,
and f2 calculated using the inverse of the return rate matrix, J
−1, in the above discus-
sion, but we have not yet evaluated them. Although we postulate that in this case we
can analyze g0, g1, g2, f0, f1, and f2, in general the computational complexity of solving
the inverse matrix J−1 is O(N3). When the number of assets, N , is large, these six
moments are difficult to analyze. For this reason, we do not directly assess J−1 below,
but instead consider analyzing g0, g1, g2, f0, f1, and f2 by using replica analysis.
Similar to in previous work, we define the partition function as follows:
Z =
∫ ∞
−∞
d~w
(2pi)
N
2
e−
1
2
~wT(J−λI)~w+k ~wT~e+θ~rT ~w,
(24)
where I ∈ RN×N is the identity matrix. The integral in Eq. (24) can be evaluated with
respect to ~w and gives φ(λ) = 1
N
logZ, where
φ(λ) =
1
2N
(k~e+ θ~r)T (J − λI)−1 (k~e+ θ~r)
− 1
2N
log det |J − λI| .
(25)
If we then partially differentiate φ(λ) with respect to λ,
φ′(λ) =
1
2N
Tr
{
(J − λI)−2 (k~e+ θ~r) (k~e+ θ~r)T
}
+
1
2N
Tr(J − λI)−1
(26)
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is obtained. From this, when λ = 0, φ(0) and φ′(0) are given as follows:
φ(0) =
k2
2
~eTJ−1~e
N
+ kθ
~rTJ−1~e
N
+
θ2
2
~rTJ−1~r
N
− 1
2N
log det |J |
=
k2
2
g0 + kθg1 +
θ2
2
g2 − 1
2N
log det |J |,
(27)
φ′(0) =
k2
2
~eTJ−2~e
N
+ kθ
~rTJ−2~e
N
+
θ2
2
~rTJ−2~r
N
+
1
2N
TrJ−1
=
k2
2
f0 + kθf1 +
θ2
2
f2 +
1
2N
TrJ−1.
(28)
If we then partially differentiate φ(0) and φ′(0) with respect to k and θ, we can derive
g0, g1, g2, f0, f1, and f2. We apply this strategy for evaluating the six moments in the
following discussion.
Using replica analysis, let us first evaluate φ(λ). For n ∈ Z, based on the self-
averaging property of the configuration average of Zn, considering E[Zn] in the limit
of a large number of assets N , we evaluate
lim
N→∞
1
N
logE[Zn]
= Extr
Qs,Q˜s
{
−α
2
log det |I +Qs|+ 1
2
TrQsQ˜s
−1
2
〈
log det
∣∣∣vQ˜s − λI∣∣∣〉
+
1
2
〈
(k + θr)2~eT(vQ˜s − λI)−1~e
〉}
,
(29)
where α = p/N ∼ O(1), I ∈ Rn×n is the identity matrix, and the order parameter
matrix Qs = {qsab} ∈ Rn×n and conjugate parameter matrix Q˜s = {q˜sab} ∈ Rn×n are
already used, as well as the following notation:
〈f(r, v)〉 = lim
N→∞
1
N
N∑
i=1
f(ri, vi).
(30)
Furthermore, the notation Extrx g(x) means the extremum of function g(x) with respect
to the variable x.
Now, when λ = 0, from the extremum of Eq. (29),
Q˜s = α(I +Qs)
−1,
(31)
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Qs = Q˜
−1
s +
〈
(k + θr)2
v
〉
Q˜−1s DQ˜
−1
s
(32)
is obtained, where D ∈ Rn×n is the square matrix whose components are all 1.Moreover,
since Qs, Q˜s in Eqs. (31) and (32) can be described as linear combinations of I and D,
that is, we can set Qs = χsI + qsD, Q˜s = χ˜sI − q˜sD, the results of replica analysis
obtained as n→ 0 are
χs =
1
α− 1 ,
(33)
qs =
α
(α− 1)3
〈
(k + θr)2
v
〉
,
(34)
χ˜s = α− 1,
(35)
q˜s =
1
α− 1
〈
(k + θr)2
v
〉
.
(36)
Note that although we did not assume that Qs and Q˜s in Eq. (29) are given by the
replica symmetry solution, since the solutions Eqs. (31) and (32) satisfy Qs = χsI+qsD
and Q˜s = χ˜sI − q˜sD, it turns out that the replica symmetry solution is actually the
exact solution.
From the above, φ(λ) = limn→0 ∂∂n limN→∞
1
N
logE[Zn] is
φ(λ) = −α
2
log(1 + χs)− αqs
2(1 + χs)
+
1
2
(χs + qs)(χ˜s − q˜s) + qsq˜s
2
−1
2
〈log(vχ˜s − λ)〉+ 1
2
〈
vq˜s
vχ˜s − λ
〉
+
1
2
〈
(k + θr)2
vχ˜s − λ
〉
.
(37)
Therefore, substituting the results from Eqs. (33) to (36) into φ(0) and φ′(0) gives
φ(0) = −α
2
log(1 + χs)− αqs
2(1 + χs)
+
1
2
(χs + qs)(χ˜s − q˜s) + qsq˜s
2
− 1
2
〈log v〉
−1
2
log χ˜s +
q˜s
2χ˜s
+
1
2χ˜s
〈
v−1(k + θr)2
〉
= −α
2
logα +
α + 1
2
log(α− 1) + 1
2
−1
2
〈log v〉+ 1
2(α− 1)
〈
v−1(k + θr)2
〉
,
(38)
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φ′(0) =
1
2χ˜s
〈
v−1
〉
+
q˜s
2χ˜2s
〈
v−1
〉
+
1
2χ˜2s
〈
(k + θr)2
v2
〉
=
1
2(α− 1)
〈
v−1
〉
+
〈v−1〉
2(α− 1)3
〈
v−1(k + θr)2
〉
+
1
2(α− 1)2
〈
v−2(k + θr)2
〉
.
(39)
Finally, from g0 =
∂2φ(0)
∂k2
, g1 =
∂2φ(0)
∂k∂θ
, g2 =
∂2φ(0)
∂θ2
, f0 =
∂2φ′(0)
∂k2
, f1 =
∂2φ′(0)
∂k∂θ
, and f2 =
∂2φ′(0)
∂θ2
,
g0 =
〈v−1〉
α− 1 ,
(40)
g1 =
〈v−1r〉
α− 1 ,
(41)
g2 =
〈v−1r2〉
α− 1 ,
(42)
f0 =
〈v−1〉2
(α− 1)3 +
〈v−2〉
(α− 1)2 ,
(43)
f1 =
〈v−1〉 〈v−1r〉
(α− 1)3 +
〈v−2r〉
(α− 1)2 ,
(44)
f2 =
〈v−1〉 〈v−1r2〉
(α− 1)3 +
〈v−2r2〉
(α− 1)2 ,
(45)
are obtained. From this result,
R1 =
〈v−1r〉
〈v−1〉 ,
(46)
V =
〈v−1r2〉
〈v−1〉 −
(〈v−1r〉
〈v−1〉
)2
,
(47)
are also obtained. Thus, we succeeded in evaluating analytically maximal expected
return per asset R+ and minimal expected return per asset R− in Eqs. (13) and (14),
and optimal portfolios ~w+ and ~w− in Eqs. (15) and (16).
In this paper, we have discussed the expected return maximization problem with
constraints of budget and investment risk, as well as the expected return minimization
problem as a by-product. In particular, we reformulated the expected return maxi-
mization problem with two constraints by using the Lagrange undetermined multiplier
method. As a result, maximal expected return per asset R+ with corresponding opti-
mal portfolio ~w+ and minimal expected return per asset R− with corresponding optimal
portfolio ~w− were successfully derived. Moreover, ∆, which is the mean square error of
~w+ and ~w−, and the correlation coefficient ρ were analytically derived. We were also
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able to briefly interpret the correlation coefficient for both τ →∞ and τ → 1+ by using
Figure 2. In addition, using replica analysis, we could analytically evaluate the six mo-
ments from the Lagrange undetermined multiplier method. In particular, with respect
to order parameters qsab, q˜sab, although we do not use the ansatz of replica symmetry
solution, from saddle point equations Eqs. (32) and (33), it is shown that, automatically,
the assumption of the replica symmetry solution is validated.
In this study, we mainly deal with the portfolio optimization problem when the
return rates of assets are independently distributed, but the discussion involving from
Eq. (6) to (23) holds for any distribution of the return rate. Therefore, in order to
meet the expectations of rational investors, it is necessary to evaluate the six moments
even when the return rates of assets are correlated with each other and to extend the
theoretical analysis method which we here propose. There is also a need to compare the
optimal portfolios for portfolio optimization problems other than the expected return
maximization problem. Especially, with respect to the optimal portfolios of the invest-
ment concentration maximization/minimization problems with constraints of budget
and investment risk,16,17) we need to analyze the relationship between both ends of the
canonical ensemble.
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